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The hyperbol ic  equation of hea t  conduction is solved for  a hollow cyl inder  heated by a 
movable  source .  A number  of c h a r a c t e r i s t i c s  resu l t ing  f rom the hyperbol ic  na ture  of  
the p r o c e s s  of  heat  t r a n s f e r  a r e  c r i t i ca l ly  analyzed.  

The p r o b l e m  of de te rmin ing  the t e m p e r a t u r e  field of a hollow finite cooled cyl inder ,  which is heated  
by a sou rce  moving accord ing  to an a r b i t r a r y  law, has  been inves t igated in [1]. However ,  the descr ip t ion  
based  on the parabol ic  equation m a y  be inadequate if  the r a t e  of d i sp lacement  of  the sou rce s  and also the 
r a t e s  of change of o ther  the rmophys ica l  quanti t ies become  comparab l e  with the square  of the ve loc i ty  of 
hea t  p ropaga t ion  

a 
w ~- - , (1)  

17 

which may  occur ,  for  example ,  dur ing the d i sp lacemen t  of an e lec t r i ca l  a r c  in the opera t ing  chamber  of 
a p l a s m a t r o n  [2, 3]. 

We cons ider  a p rob lem analogous to [1] but take into cons idera t ion  the hyperbol ic  na ture  of the rap id  
t h e r m a l  p r o c e s s .  

E l imina t ing  the vec to r  q f rom the bas ic  law of heat  conduction [4], wr i t t en  in the fo rm 

q . . . . .  ). grad T - -  "~ dq (2) 
d t '  

where  d / d t  is the total  t ime  der iva t ive ,  and the hea t  balance equation 

dT 
Iv/-- cO - -  = div q (3) 

dt 

for  v = const  we obtain the following equation for  hea t  conduction: 
1 d2T 

w 2 dr"- " 

where  the ope ra t o r  d2/dt  2 is given by 

d 2 0 ~ 

dt 2 Ot 2 

1 dT .. A T - : -  1 "r dW 
a dl �9 - ~  W-!- --]~ --'dl (4) 

v ') 0 2 grad -~  -i  (v grad) (v grad). (5)  

Thus the heat  balance is affected by not only the intensi ty of the source  but a lso  by the total  change 
of this intensi ty in t ime:  

dW OW 
- -  -- ! (v gradW). (6) 

dt Ot 

If  this  quantity is l a r g e ,  t h e l a s t  t e r m  in Eq. (4) cannot  be  d iscarded .  
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In accordance with the above discussion the hyperbolic general izat ion of the3problem of [1] is wri t ten 
(for v = O) in the following form: 

1 ~ O0 3'0 1 

O Fo' ' O Fo Op ~ + P .  
00 + 1 0~0 ' (kn) 2 - - -  Po f + ,  (7) 

- T  o' o,r ~ on' P ~  o vo ' ......... 
o (p, ,~, , i ,  o) l, (8) 

' ~ , ( p ,  ~,  n, o) = o, (9) 
a Fo 

,,o, 

"00 1 '~ 1 ( -~- -~- - -  Bi, 0 ] = __ Bi2, (11) 
, ' Po p=p. Po 

0 (p, % "q, Fo)~= 0 (p, q~ 4-2n, n, Fo), (12) 

where P e  T = WRl/a  is the dimensionless  velocity of propagation of thermal  perturbation.  

The choice of the function f(p, ~, 7, Fo) is governed by the t ra jec tory ,  ra te ,  and the space--t ime d i s -  
tr ibution of the heat  flux. For  example,  ff 

f(P, % '1, Fo) = 6 (p -- 1) ~ u z (Fo) 6 0| -- 'h), 
(14) 

l = l  

where {'71} is an a rb i t r a ry  sequence of values of the axial coordinate ,} (0 < ~l < v, l -- 1, n) and u/(Fo) 
is some finite function with support [Fo/, Fol  +i), then (14) descr ibes  a thin high-intensi ty r ing source of 
variable intensity oriented toward the inner surface and moving along the axis of the cylinder in steps. 

If 

f(o, % rl, F o ) -  1 exp (n--P%F~ ~ , - - - -  6(0--0o), (15) 
(2n) 3/~ a 2a "- ~ " 2~ " 

where ~ is Jacobi ' s  theta function, o 2 is the var iance,  and (PevFo, PewFo) is the movable center  of the 
distribution, then we obtain a description of the source with normal  distribution of the heat  flux density 
describing a spiral  line along the outer surface of the cylinder and terminat ing its existence at  the instant 

Fo = 2 ~ / P e v  and so forth.  

We shaU seek the solution of Eq. (7) with conditions (8)-(13) by the method of finite integral  t r ans -  

fo rms .  The tr iple t r ans form t51 
~'~ P' ~ (16) 0(~, m, q, Fo)= .t" J' .~" exp(im~o)pV~(~p)cosq~]O (p, % '1, Fo)dq~dpdn 

0 ! 0 

sat is f ies  the following Caucby problem: 
I d f ~  (17) 

1 d~-~) dO = _ (~t"- + k2a'q '-) 6 ~ 2a ~ Bi. V. (p,o o) 6e,~60q --  Po (~-!- Pe~ dF oJ  ' 
Pe~ ~ i  dVo 

2~___~ ~- [Bi. Vo(p0o)_, 2 Bi,]b~,,,6,,q, (18) 0(~a, n,, q, 0)=: tt ~ ~- �9 

d(~(F, m, q, 0) =.0, (19) 
d Fo 

where 6ikiS the Kroneeker  symboland[  = ~ ,  m, q, ]Fo) is the t r ans form of the function f(o, r 7, Fo) of 

type (16). 

The generalization for the tr iple t ransform (16) has the form [51 

l Z E E ~t'A"r~Vm(pp) e'xp(-imer cOsq~O(tt' m' q' Fdh (20) 0 (p, ~o, n, Fo),= -~- 

where {~J} are  the eigenvalues of the corresponding S tu rm-Liouv i l l e  operator ,  a par t  of which is given 
in [11, and {Vm~P) } a re  the eigenfunctions which are  simultaneously the kernel of the Hankel par t  of 

t r ans fo rm (16). The quantity Agm is given by 
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AN. , = (Ix-"p~ + Bio 2 - -  m 2) V~ (~P0) - -  (~ tz +' Bi~ - -  m ~) (21) 

The  e x p r e s s i o n  fo r  Vm(#o) and a l so  some  a sympto t i c  f o r m s  a r e  g iven in [1 ]. 

T h e  so lu t ion  of  p r o b l e m  (17)-(19),  obta ined with the  use  of  Lap lace  t r a n s f o r m s ,  has  the fol lowing 
fo rm:  

Fo 

Ao --p-~-=- exp [z~ (Fo --  i)1 - -  I + 
o 

1 [ -- 
X exp [zx(Fo--i)]} [(la ' m. q. ~)dk=- A, Pe~ Po/(tt. m. q. O) 

4 = B i , .  u'z zoS,a, , f io~,]exp(z~,Fo) _ A, ' [Po/0~, m, q, 0) Pe: 

4:~ t2Bi t zt60,,,6u~ ] exp (z., Fo) -i- 2a*- Bi=~t..Vo (~tPo) 6om8o~ ' (22) 

w h e r e  z 1 and z 2 a r e  the roo t s  of the equat ion  

1 

pe~ 
and 

- - - - -  z 2 -~- z -',- (tt "~ -~- kZ~2q ') =0  

' 4 
Ao = I//" I----P-e-{- (tt'-' "{- k 'aaq2)  

Subst i tu t ing (22) into (20) we obta in  the so lu t ion  of  p r o b l e m  (7)=(13) fo r  an a r b i t r a r y  s o u r c e  f = f(P, ~0, )7, 
Fo): 

1 
! lnp 

Bil -_rtBilexp ( _  Per Fo] 
0(p, % vl, Fo) , :  1 1 inPo x 2 , 

Bi I Bi z 

1 ..< A u o V , ( p p )  ch Ao e~ Fo . . . . .  sh A0Pe~ Fo = 
- Ao 2 2Pe~ 

x exp - -  Pe~2 Fo . ,u"-A~,.,V,,, (up) exp 1-- i,mf) cos q'l ,~-~ 
tll, bt, q 

>: sh A~ p ~  Fo/(u, m, q, Fo) Po -Z " " 2 - - -4-  tt 'A~"~l ''~ (,ttp) exp (-- im q:) 
m ,  IJ-,q 

F o  

; (  [ ' 1 Xcos qq exp Pe~ >' 1 e-"~ _ . ~  ) ch A0Pe-~ Z - -  sh -%p ). /(ta, m, q, V o - - i )  di. 
, . 2 At,  2 

0 

w h e r e  2~ is  equal  to A 0 for  q = 0 and the symbol  ~ denotes  t r ip l e  s u m m a t i o n  of type (20). 
u l , l l ) q  

Since for  all  f ini te  va lues  of # and q and suf f ic ien t ly  l a rge  P e r  

pe-~ 
. . . .  2 - -  (g'' ' -  k2a~q')  . . . .  ~ e  r -  (tt"- .... k=a"-q"-f= - -  . . . ,  
A 0 Peg 

2 
fo r  P e r  - -  or f r o m  (25) we get 

1 
- -  -- lnp 
Bi~ 

0(p, ~, Tl, Fo). = I I a Bi I ~I~-~ A~toV o (up) 
- -  : . . . . . . .  '.- In Po ~ 

Bi 1 Bi 2 

• exp (--  la" Fo) Po s 
F o  

-~ i.t~- At,,,, V,,, ([,p) exp (-- im tp) cos qrl .f exp i - -  (P'e + k"a'aq") i] [ 0*, m, q. Fo --  ).) d),, 
m , t t , q  0 

which co inc ides  with the so lu t ion  of the c o r r e s p o n d i n g  hype rbo l i c  p r o b l e m  [1, 5]. 

(23) 

(24) 

(25) 

(26) 

(27) 
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I f  the sou rce  is absent ,  i . e . ,  f(p, ~, ~, Fo) = 0, then only the *background,, component  

1 
+ lnp 

Bi~ m,. ~Bi~exp ( Pe~ FO) 
0 .  (p, FO) = 1 1 + In Po - -  2 

Bi~ Bi~ 

[ I X A~oV o (l~p) ch A~ p% Fo ',-- sh Fo . 
2 ~ 2 

r e m a i n s  in (25). 

Since the sequence {#~} i n c r e a s e s  without l imi t ,  for  any finite Pe  r there  is a number  n = N, s t a r t -  
ing f rom which 

4 
1 - - - -p -~  ~ < 0  ( n > N ) .  (29) 

Accordingly ,  s t a r t i n g f r o m t h i s  t e r m  the hyperbol ic  sine and cosine go ove r  into c i r cu l a r .  Hence 
the f i r s t  ( N - l )  t e r m s  of s e r i e s  (28) desc r ibe  the aper iodic  contr ibut ion to the heat  t r a n s f e r  p r o c e s s  and 
the r ema in ing  t e r m s  desc r ibe  the per iodic  contr ibut ion.  The f i r s t  e igenf requency  of the t h e r m a l  o s c i l l a -  
t ions in a hollow cyl inder  is 

V/-- 4 to N -  ~ ~ ~X~v - -  1 . (30) 

I f  PeT >> 1, then N >> 1. In this ca se  f rom the asympto t i c  r ep re sen t a t i on  [6] 

,u~ ~ (n))  I) (31) 
(Po 1) ~ 

we get  

N ~ Po 1 _ pet. (32) 

F o r  example ,  for  s teel  [7] w ~ 1800 m / s e c ;  hence Pe  T ~ 106-10 Y and even for  r e l a t ive ly  thin wal ls  
(P0 ~ 1.05) we have N ~ 104-105. But,  s ince for  l a rge  n [4] A~0V0 (gp) ~ 1 / (P0-1)~n ,  the t he rma l  wave 
appear ing  in the wal ls  of a hollow s tee l  cyl inder  and that  cor responding  to the f i r s t  e igea f requency  goes  
into solut ion (28) with an init ial  ampli tude of the o r d e r  of 10 -12 . 

Thus,  if Pe  T >> 1, the "background ~ component  (28) may  be r ep laced  by the co r respond ing  p a r t  
f rom (27) with an  a c c u r a c y  adequate for  engineer ing  p rac t i ce .  

Le t  us cons ider  the comple te  solut ion (25). 

I f  Po << P e ~ ,  the second t e r m  in (25) can be d i scarded .  However ,  if Po  ~ P e ~  and f(/~, m ,  q, 0) ~ 0, 
then this s e r i e s  m u s t  be re ta ined ,  i .e . ,  under  the influence of s t rong  high- in tens i ty  sou rce s  the hyperbol ic  
na ture  of heat  conductio~i begins  to show up. 

Le t  the source  be displaced.  As an example  we cons ider  a thin h igh- in tens i ty  sou rce  p laced  at  the 
inner wall  o r ien ted  along the g e n e r a t r i x  and ro ta t ing  with angular  speed Pew:  

f(P. % ,1, Fo) = 8(p- - l )  6,, (~ Peo, FO), (33) 

where  the l a s t  del ta  function is  per iod ic  with per iod  [0, 2 r ] .  

Then  [5] 
f(~, m, q, Fo)-2exp(imP%Fo)6~q, (34) 

f r o m  which we get 

Thus the l a s t  t e r m  in Eqs .  (4) and (7) can be d i sca rded  for  sma l l  angular  speeds  Per << Pe2v. How- 
e v e r ,  if Pew ~ P e  2 , then a s  seen  f rom (35), the p r e s e n c e  of the t e r m  1 / P e ~  a f / a  Fo in the equation of 
hea t  conduction has  a s ignif icant  effect  on the f o r m  of the solution and for  Per >> P e ~  i t  even begins to 

dominate  the contr ibut ion due to f. 
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Substituting (34) into (25) we obtain the solution for  source  (33): 

1 0(p, % ~1, Fo)=Oo(p,  Fo) q- Pe~ exp - -  Fo 
2 

. 1 h0Pe~ Pc 
X gM,,mV,~ (gp) exp (--  ime?) ~ sh 2 Fo - -  

m,~ 
Fo 

12 ( p~ • ~ g~A~,=Vm (gO) exp (--  im~p) exp _ L 
m, ~ 

0 

• h~ Pe_____~2 ~'-? koch A~ Pe_____~2 L] exp [im Pe~.(Fo--~)] d~. (36) 

According  to the R iemarm- -Lebesgue  t h e o r e m  [8] fo r  Pew ~ ~ the l a s t i n t e g r a l  van ishes  fo r  al l  m ex -  
cept  m = 0. As eas i ly  seen ,  the solution thus obtained coincides with the solution of the analogous p rob lem 
for  f(p, ga, ~?, Fo) = (1 /27r)6(p-1) .  Hence an infinitely rapid  ro ta t ion  of the sou rce  is  equivalent  to an uni -  
f o r m l y  d is t r ibu ted  intensi ty Po/27r .  

F o r  Pe  w ~ ~ the in tegra l  in (36) is equal to 

I+A~ exp ( imP%Fo) - -exp  [ 1--,k~ Pe~Fo ] exp ( imP%Vo)--exp[  1 +  A0 Pe~Fo ] '  
2 1 - s  , -  2 _ (37) 

2 1-- Ao ~ , 2 1 4- Ao Pe; -,- im P% z - -  Pe, + irn Pe~ 2 2 
Invest igat ing the behav io r  of the modulus of this exp re s s ion  we find that  for  angular  speeds  sa t is fying 

the re la t ion  

m P% = + Pe~ ,// 4 
- ~ l ,  ~ % ' , - 2  ( m = 1 , 2  . . . .  ; k - - 0 , 1 , 2  . . . .  ), (3S) 

the ampli tude of the t h e r m a l  osc i l la t ions  acqu i res  m a x i m a ,  i .e . ,  phenomena s i m i l a r  to r e sonance  occur .  
The values  given by (38) somewhat  differ  on the dec reas ing  side f r o m  the co r respond ing  f requenc ies  of 
e igenose i l la t ions  (for example ,  a t  k = 0 f r o m  (30)), which is usual  for  osc i l la t ions  in a medium with d r a g  
[9]. The o rd ina ry  parabol ic  m e c h a n i s m  of heat  conduction obviously p lays  the ro le  of such drag.  

In conclusion we note another  cha r ac t e r i s t i c  which follows f rom the bas ic  law of heat  conduction (2) 
and is of i n t e re s t  in the invest igat ion of t e m p e r a t u r e  f ie lds  appear ing  in the p r e s e n c e  of ro ta t ing  sources .  
Taking the cur l  of Eq. (2) and r e m e m b e r i n g  that  

curl grad T ~ O, 

we obtain the equation for  the vo r t ex  of the heat  flux 

dcurl q 
~r - - -  -:-curl q = 0. (39) 

dt 

whioh shows that  for  r ~ 0 in g e n e r a l c u r l q  ~ 0 a lso .  

T h e r e f o r e  the vec t o r  field q c ea s e s  to be a po*.ential field,  as  it  would follow f r o m  F o u r i e r ' s  law 
in the c l a s s i ca l  ca se ,  and the poss ib i l i ty  of fo rmat ion  of t h e r m a l  v o r t i c e s  appea r s .  F r o m  Stokes t h eo rem 
{io1 

A: 1 a {" 
. v_p )~ qt dl .... t curl q ds (40) 

L 

the c i rcu la t ion  of the vec to r  ( l /X)q along an a r b i t r a r y  c losed contour  L is nonzero ;  hence an in tegra l  of type 
(40) (along a not n e c e s s a r i l y  c losed t r a j ec to ry )  can no longer  be in t e rp re t ed  as  the total  change of t o m ,  
p e r a t u r e  in going f rom one i so the rma l  su r face  to another .  

E l imina t ing  s c a l a r  T f rom s y s t e m  (2)-(3) we obtain the equation for  the heat  flux: 
1 d~q I dq 

{ A q -:- curl curl q - -  grad W. (41) 
w"- dt 2 a dt 

I f  r ~ 0, then w 2 -* ~ ,  cur l  e u r l q  "-* 0, andEq.(41) goes over  into the c l a s s i ca l  equation. 
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0 = (Tc-T) / (Tc-To) ;  
p = r / %  ; 

= 7 r ( z / 2 / )  

S t ,  = (,,%/;~ ; 

Bi~ = a2R~/A ; 
r o  = a t / r q ;  
Po = P~w0/A(Tc-To) 
c~l, %, tr2, R2 

c,p, A,a,v,t 

W 

Pe w = %~/a 

Tc, T o 
k = % / 2 l  
po = R 2 / % ;  

A 
5(z) 

NOTATION 

are the dimensionless temperature, and coordinates; 

are the Blot, Fourier,  and pomerantsev numbers respectively; 
are the internal and external t~ermal conductivity coefficients and radii of the 
cylinder; 
are  the specific heat, density, thermal conductivity, thermal cBfflisivity, rate 
of convective transfer,  and relaxation time; 
is the distributed source intensity; 
is the dimensionless angular speed; 
are the temperatures of the surrounding media; 
is the ratio of the radius of the cylinder to its length; 

is the Laplacian; 
is the delta function. 
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